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Abstract. We study the asymptotic equidistribution of points near arbitrary
compact sets of positive capacity in Rd, d ≥ 2. Our main tools are the energy
estimates for Riesz potentials. We also consider the quantitative aspects of this
equidistribution in the classical Newtonian case. In particular, we quantify the
weak convergence of discrete measures to the equilibrium measure, and give
the estimates of convergence rates for discrete potentials to the equilibrium
potential.
1. Asymptotic equidistribution of discrete sets
Let E be a compact set in Rd, d ≥ 2. Denote the Euclidean distance between
x ∈ Rd and y ∈ Rd by |x− y|. We consider potential theory associated with Riesz
kernels
kα(x) := |x|α−d, x ∈ Rd, 0 < α < d.
For a Borel measure µ with compact support, define its energy by
Iα[µ] :=
∫∫
kα(x− y) dµ(x)dµ(y).
A central theme in potential theory is the study of the minimum energy problem
Wα(E) := inf
µ∈M(E)
Iα[µ],
where M(E) is the space of all positive unit Borel measures supported on E.
If Robin’s constant Wα(E) is finite, then the above infimum is attained by the
equilibrium measure µE ∈ M(E) [16, p. 131–133], which is a unique probability
measure expressing the steady state distribution of charge on the conductor E. The
capacity of E is defined by
Cα(E) :=
1
Wα(E)
,
where we set Cα(E) = 0 when Wα(E) is infinite. For a more detailed exposition of
Riesz potential theory, we refer the reader to the book of Landkof [16].
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The main goal of this paper is a study of discrete approximations to the equi-
librium measure. Consider the counting measure τ(Xn) for a discrete set Xn =
{xk,n}nk=1 ⊂ Rd, given by
τ(Xn) :=
1
n
n∑
k=1
δxk,n ,
where δxk,n is the unit point mass at xk,n ∈ Xn. We define the discrete energy of
τ(Xn) (or of the set Xn) by setting
Iˆα[τ(Xn)] :=
2
n(n− 1)
∑
1≤j<k≤n
kα(xj,n − xk,n).
A set of points Fn ⊂ E that minimizes the above energy among all n-tuples from
E is called the n-th Fekete points of E. The Fekete-Szego˝ results on the transfinite
diameter suggest that
lim
n→∞
inf
Xn⊂E
Iˆα[τ(Xn)] = lim
n→∞
Iˆα[τ(Fn)] =Wα(E) = Iα[µE ],
which simply indicates that the discrete approximations of the minimum energy
converge to Robin’s constant. Furthermore, the counting measures τ(Fn) converge
weakly to µE (written τ(Fn) ∗→ µE) as n → ∞, provided that Wα(E) is finite,
cf. [16, pp. 160-162]. Such equidistribution property holds for many sequences
of discrete sets whose energies converge to Robin’s constant, which gives rise to
numerous possibilities of how one may discretize the equilibrium measure. These
ideas originated in the work of Fekete [6] and Szego˝ [23] for logarithmic potentials in
the plane. One can find an extensive discussion of related questions in Andrievskii
and Blatt [2], including history and references. The study of discrete Riesz poten-
tials gained momentum more recently, and the area remains quite popular, see the
surveys by Korevaar [14], Saff and Kuijlaars [20], and Hardin and Saff [10]. We
proved certain general qualitative and quantitative results for the discrete approxi-
mations of equilibrium measures in the plane [19]. In the present paper, we extend
the energy methods used in [19] to Riesz potentials.
Define the Riesz potential of a Borel measure µ with compact support in Rd by
Uµα (x) :=
∫
kα(x− y) dµ(y), x ∈ Rd.
Note that Uµα is a superharmonic function in R
d for 2 ≤ α < d, and Uµα is sub-
harmonic in Rd \ supp(µ) for 0 < α ≤ 2. Thus in the classical case α = 2, the
Newtonian potential Uµ2 is harmonic in R
d \ supp(µ). If Wα(E) < ∞ then the
equilibrium measure µE exists, and we define the function gE(x) by
gE(x) =Wα(E)− UµEα (x), x ∈ Rd.
When 0 < α ≤ 2, gE is a nonnegative upper semi-continuous function in Rd∪{∞},
which is superharmonic on Ec := (Rd∪{∞})\E, see [16, p. 137]. In the Newtonian
case α = 2, gE coincides with the classical Green function for the unbounded
component of Ec. We use the quantity
mE(Xn) :=
1
n
∑
xk,n∈Ec
gE(xk,n)
to measure how close Xn is to E. If Xn ⊂ E then we set mE(Xn) = 0 by definition.
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Theorem 1.1. Let 0 < α ≤ 2, and let E ⊂ Rd be a compact set with finite Robin’s
constant Wα(E). If the sets Xn = {xk,n}nk=1 ⊂ Rd, n ≥ 2, satisfy
lim
n→∞
Iˆα[τ(Xn)] =Wα(E)(1.1)
and
lim
n→∞
mE(Xn) = 0,(1.2)
then
τ(Xn)
∗→ µE as n→∞.(1.3)
Conversely, (1.2) holds for any sequence of the sets Xn = {xk,n}nk=1 ⊂ Rd, n ∈ N,
satisfying (1.3).
When Xn ⊂ E, we clearly have that mE(Xn) = 0 for all n ≥ 2, and (1.1) implies
the well known fact that τ(Xn)
∗→ µE as n → ∞, see [16, pp. 161-162]. A new
feature of the above result is that Xn is not required to be a subset of E, allowing
discretization schemes with point charges located outside E.
We remark that Theorem 1.1 is valid in a more general setting, where the Riesz
kernels kα are replaced by kernels of the form K(r) = H(− log r) when d = 2,
and K(r) = H(r2−d) when d ≥ 3. One should assume that H : R → [0,∞) is a
continuous increasing strictly convex function, and use a version of potential theory
developed in Carleson [4], and Aikawa and Esse´n [1]. The proof of this more general
result closely follows our proof for Riesz kernels with 0 < α < 2.
2. Rate of convergence and discrepancy in equidistribution
Theorem 1.1 describes conditions guaranteeing that the counting measures τ(Xn)
converge to the equilibrium measure µE as n → ∞. This section is devoted to the
estimates of rates in this convergence. The estimates of how close τ(Xn) is to
the equilibrium measure µE are often called discrepancy estimates. We shall only
consider the Newtonian case α = 2 in Rd, d ≥ 3. Logarithmic potentials in the plane
were studied in [19], and we generalize the ideas of [19] here. We shall suppress
the subscript α = 2 in the notation, and write Uµ(x) := Uµ2 (x), I[µ] := I2[µ],
W (E) := W2(E), etc. Consider a class of continuous functions φ : R
d → R with
compact support in Rd, d ≥ 3. Since τ(Xn) ∗→ µE as n→∞ means
lim
n→∞
1
n
n∑
k=1
φ(xk,n) = lim
n→∞
∫
φdτ(Xn) =
∫
φdµE ,
it is most natural to seek the quantitative estimates of convergence τ(Xn)
∗→ µE
in terms of convergence rates of the above φ-means to
∫
φdµE . One may view this
approach as a study of approximate quadrature rules for
∫
φdµE . Let
ω(φ; r) := sup
|x−y|≤r
|φ(x) − φ(y)|
be the modulus of continuity of φ in Rd. We also require that functions φ have
finite Dirichlet integral
D[φ] :=
∫
Rd
|∇φ|2 dV =
∫
Rd
d∑
i=1
(
∂φ
∂xi
)2
dV (x), x = (x1, . . . , xd) ∈ Rd,
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where it is assumed that the partial derivatives of φ exist a.e. on Rd in the sense
of d-dimensional Lebesgue measure dV (x). We denote the surface area of the unit
(d− 1)-dimensional sphere in Rd by ωd := 2pid/2/Γ(d/2). Define the distance from
a point x ∈ Rd to a compact set E by
dE(x) := min
t∈E
|x− t|.
Theorem 2.1. Let E ⊂ Rd, d ≥ 3, be a compact set with W (E) < ∞, and let
φ : Rd → R be a continuous function with compact support such that D[φ] <∞. If
Xn = {xk,n}nk=1 ⊂ Rd, n ≥ 2, then we have for any r > 0 that∣∣∣∣∣ 1n
n∑
k=1
φ(xk,n)−
∫
φdµE
∣∣∣∣∣ ≤ ω(φ; r) +
√
D[φ]
(d− 2)ωd
√
I,(2.1)
where
I = 2mE(Xn) +
n− 1
n
Iˆ[τ(Xn)]−W (E) + r
2−d
n
+ 2 max
dE(x)≤2r
gE(x).(2.2)
Energy ideas have been used in discrepancy estimates by Kleiner [13], Sjo¨gren
[21]-[22], Huesing [11] and Go¨tz [7]-[9], see [2, Ch. 5]. A typical application of our
result is given by a sequence of sets Xn satisfying (1.1) and (1.2). If we choose
r = rn → 0 as n → ∞, then the right hand side of (2.1) tends to 0 under the
assumption that the Green function gE(x) is continuous at the boundary points
of ΩE (i.e. E is regular). In order to obtain polynomial rates of convergence,
one should set rn = c/n
a, with a, c > 0, and consider sets with uniformly Ho¨lder
continuous Green functions. The condition of the uniform Ho¨lder continuity for
gE(x) means that
gE(x) ≤ A(E)(dE(x))s, x ∈ ΩE ,(2.3)
where A(E) > 0 and 0 < s ≤ 1 are independent of x ∈ ΩE . Note that the set E
need not be smooth for (2.3) to hold. In fact, (2.3) is satisfied for quite general
classes of sets. The problem of Ho¨lder continuity of Green functions was studied
by Carleson and Totik [5], Maz’ja [17]-[18], Too´kos [24], and Totik [25].
It is clear that various choices of φ lead to diverse applications of Theorem 2.1.
We consider an application of Theorem 2.1 to the potentials of “near-Fekete” points,
i.e., to the potentials of sets Xn ⊂ E whose discrete energies are close to W (E).
Selecting φ as a modification of the kernel k2(x − y), we show that the potentials
of discrete measures τ(Xn) are close to the equilibrium potential.
Theorem 2.2. Let E ⊂ Rd, d ≥ 3, be a compact set with W (E) < ∞, such
that the Ho¨lder condition (2.3) holds with an exponent s ∈ (0, 1]. Suppose that
Xn = {xk,n}nk=1 ⊂ E, n ≥ 2, satisfy
Iˆ[τ(Xn)]−W (E) ≤ C1 n−p, n ≥ 2,(2.4)
where p := s/(d+ s− 2) and C1 > 0 is independent of Xn. Then we have for any
y ∈ Ec and any n ≥ 2 that∣∣∣UµE (y)− U τ(Xn)(y)∣∣∣ ≤ C2 ((dE(y))1−dn−p/s + (dE(y))1−d/2n−p/2) ,(2.5)
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where C2 > 0 is independent of y and Xn. Furthermore, there exists q = q(d, s) > 0
such that
sup
y∈Rd
(
UµE (y)− U τ(Xn)(y)
)
≤ C3n−q, n ≥ 2,(2.6)
where C3 > 0 is independent of Xn.
The Fekete points Fn = {ζk,n}nk=1 often represent the most natural way to
discretize the equilibrium measure. However, they are difficult to find explicitly and
even numerically, as all points of Fn change with n. A more convenient choice of
discretization frequently used in practice is given by Leja points, which are defined
as a sequence. If E ⊂ Rd is a compact set of positive capacity, then the Leja (or
Leja-Go´rski) points {ξk}∞k=0 are defined recursively in the following way. We choose
ξ0 ∈ E as an arbitrary point. When {ξk}nk=0 are selected, we choose the next point
ξn+1 ∈ E as a point satisfying
n∑
k=0
|ξn+1 − ξk|2−d = min
x∈E
n∑
k=0
|x− ξk|2−d.
It is known that Leja points are equidistributed in E. Theorem 2.2 provides new
quantitative information about discrete potentials of Fekete and Leja points for
non-smooth sets.
Corollary 2.3. If E ⊂ Rd, d ≥ 3, is a compact set satisfying (2.3), then (2.5) and
(2.6) hold true for the Fekete and Leja points of E.
Surveys of results on Fekete points may be found in Korevaar [14], Andrievskii
and Blatt [2] and Korevaar and Monterie [15]. We note that the estimates of
Theorem 2.2 can be improved for the Fekete points of a set E satisfying more
restrictive smoothness conditions. Results on Leja points may be found in Go¨tz [9].
3. Proofs
We briefly review some well known facts from Riesz potential theory for 0 < α ≤
2, see [16]. If UµEα (x) is the equilibrium (conductor) potential for E, then [16, p.
137]
0 < UµEα (x) ≤Wα(E), x ∈ Rd, and UµEα (x) =Wα(E) q.e. on E.(3.1)
The second statement means that equality holds quasi everywhere on E, i.e., except
for a subset of zero capacity in E. Thus the function gE(x) = Wα(E) − UµEα (x)
satisfies
0 ≤ gE(x) ≤Wα(E), x ∈ Rd ∪ {∞}.(3.2)
If 0 < α < 2 then subharmonicity of gE and strict convexity of the kernel kα
imply that gE(x) > 0 for x ∈ Ec. The Newtonian case α = 2 is special. Let ΩE
be the unbounded connected component of Ec = (Rd ∪ ∞) \ E. For α = 2, the
equilibrium measure µE is supported on ∂ΩE . As a result, gE is subharmonic in
R
d and harmonic in Rd \ ∂ΩE . Furthermore, gE is strictly positive on ΩE , and is
identically zero on Rd \ ΩE (hence also zero on bounded components of Ec). Note
that gE(x) coincides with the Green function of ΩE for x ∈ ΩE .
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Proof of Theorem 1.1. Set τn := τ(Xn) for brevity. We first prove that (1.1) and
(1.2) imply (1.3). Observe that each closed set F ⊂ ΩE contains o(n) points of Xn
as n→∞, i.e.
lim
n→∞
τn(F ) = 0.(3.3)
This fact follows from (1.2) because minx∈F gE(x) > 0 and
0 ≤ τn(F )min
x∈F
gE(x) ≤ 1
n
∑
xk,n∈F
gE(xk,n) ≤ mE(Xn)→ 0 as n→∞.
The same argument implies for 0 < α < 2 that (3.3) holds for any closed set
F ⊂ Ec. Thus if R > 0 is sufficiently large, so that E ⊂ BR := {x : |x| < R}, we
have o(n) points of Xn in R
d \BR. Consider
τˆn :=
1
n
∑
|xk,n|<R
δxk,n = τn|BR .
Since supp(τˆn) ⊂ BR, n ∈ N, we use Helly’s theorem to select a weakly convergent
subsequence from the sequence τˆn. Preserving the same notation for this subse-
quence, we assume that τˆn
∗→ τ as n →∞. It is also clear from (3.3) that τn ∗→ τ
as n→∞. Furthermore, τ is a probability measure supported on the compact set
Eˆ := Rd \ΩE for α = 2, and on E for 0 < α < 2. Suppose that R > 0 is large, and
order xk,n as follows
|x1,n| ≤ |x2,n| ≤ . . . ≤ |xmn,n| < R ≤ |xmn+1,n| ≤ . . . ≤ |xn,n|.
Then
Iˆα[τn] = Iˆα[τˆn] +
2
n(n− 1)
∑
1≤j<k
mn<k≤n
kα(xj,n − xk,n) ≥ Iˆα[τˆn],(3.4)
where we used that kα(x) > 0 for all x ∈ Rd. Thus we obtain from (3.4) and (1.1)
that
lim sup
n→∞
Iˆα[τˆn] ≤ lim sup
n→∞
Iˆα[τn] =Wα(E).(3.5)
We now follow a standard potential theoretic argument to show that τ = µE .
Let KM (x, y) := min (kα(x− y),M) . It is clear that KM (x, y) is a continuous
function in x and y, and that KM (x, y) increases to kα(x − y) as M → ∞. Using
the Monotone Convergence Theorem and the weak* convergence of τˆn× τˆn to τ×τ,
we obtain for the energy of τ that
Iα[τ ] =
∫∫
kα(x− y) dτ(x) dτ(y) = lim
M→∞
(
lim
n→∞
∫∫
KM (x, y) dτˆn(x) dτˆn(y)
)
≤ lim
M→∞

 lim
n→∞

 2
n2
∑
1≤j<k≤mn
KM (xj,n, xk,n) +
M
n




≤ lim
M→∞

lim inf
n→∞
2
n2
∑
1≤j<k≤mn
kα(xj,n − xk,n)


= lim inf
n→∞
mn(mn − 1)
n2
Iˆα[τˆn] ≤Wα(E),
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where we applied (3.5) and limn→∞mn/n = 1 in the last estimate. Recall that
supp(τ) ⊂ E for 0 < α < 2 by (3.3). Since Iα[ν] > Wα(E) for any probability
measure ν 6= µE , supp(ν) ⊂ E, we obtain that τ = µE and (1.3) follows for
0 < α < 2. In the case α = 2, we have that supp(τ) ⊂ Eˆ = Rd \ ΩE , where
Wα(Eˆ) = Wα(E) and µEˆ = µE by [16, p. 164]. Since again Iα[ν] > Wα(Eˆ) for
any probability measure ν 6= µEˆ , supp(ν) ⊂ Eˆ, we conclude that τ = µEˆ = µE as
before.
Let us turn to the converse statement (1.3) ⇒ (1.2). Note that gE(x) ≤Wα(E)
for all x ∈ Rd, cf. (3.2). Choosing R > 0 so large that E ⊂ BR, we obtain from
(1.3) that
1
n
∑
|xk,n|≥R
gE(xk,n) ≤ o(n)
n
Wα(E),
which implies that
lim sup
n→∞
1
n
∑
|xk,n|≥R
gE(xk,n) ≤ 0.(3.6)
Since gE(x) is upper semi-continuous in R
d, we obtain from (1.3) and Lemma 0.1
of [16, p. 8] that
lim sup
n→∞
1
n
∑
|xk,n|<R
gE(xk,n) = lim sup
n→∞
∫
BR
gE(x) dτn(x) ≤
∫
BR
gE(x) dµE(x)
(3.7)
=Wα(E)−
∫
UµEα (x) dµE(x) =Wα(E)− Iα[µE ] = 0.
Observe from the definition of mE(Xn) and (3.6)-(3.7) that
0 ≤ lim inf
n→∞
mE(Xn) ≤ lim sup
n→∞
mE(Xn) ≤ lim sup
n→∞
1
n
n∑
k=1
gE(xk,n) ≤ 0,
so that (1.2) follows. 
Proof of Theorem 2.1. Given r > 0, define the measures νrk with dν
r
k(xk,n + ry) =
dS(y)/ωd, y ∈ S, where dS denotes the surface area measure on the unit hyper-
sphere S in Rd. Let τn := τ(Xn) and
τrn :=
1
n
n∑
k=1
νrk,
and estimate
∣∣∣∣
∫
φdτn −
∫
φdτrn
∣∣∣∣ ≤ 1n
n∑
k=1
1
ωd
∫
S
|φ(xk,n)− φ(xk,n + ry)| dS(y) ≤ ω(φ; r).
(3.8)
We now assume that E is a regular set bounded by finitely many piecewise smooth
(d−1)-dimensional surfaces, and remove this assumption in the end of proof. Since
E is regular, we have that gE(x) = 0, x ∈ Rd \ ΩE . Consider the signed measure
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λ := τrn − µE , λ(Rd) = 0. This measure is recovered from its potential by the
formula
dλ = − 1
(d− 2)ωd
(
∂Uλ
∂n+
+
∂Uλ
∂n−
)
dS,
where dS is the surface area on supp(λ) = supp(µE) ∪ (∪nk=1{x : |x− xk,n| = r}),
and n± are the inner and the outer normals, see [12, p. 164] and [16, pp. 164–165].
Let BR := {x : |x| < R} be a ball containing the support of φ. We use Green’s
identity ∫
G
u∆v dV =
∫
∂G
u
∂v
∂n
dS −
∫
G
∇u · ∇v dV
with u = φ and v = Uλ in each connected component G of BR \ supp(λ). Since Uλ
is harmonic in G, we have that ∆Uλ = 0 in G. Adding Green’s identities for all
domains G, we obtain that∣∣∣∣
∫
φdλ
∣∣∣∣ = 1(d− 2)ωd
∣∣∣∣
∫
BR
∇φ · ∇Uλ dV
∣∣∣∣ ≤ 1(d− 2)ωd
√
D[φ]
√
D[Uλ],(3.9)
by the Cauchy-Schwarz inequality. It is known that D[Uλ] = (d − 2)ωdI[λ] [16,
Thm 1.20], where I[λ] =
∫∫ |x − y|2−d dλ(x) dλ(y) = ∫ Uλ dλ is the energy of λ.
We also recall that
∫
UµE dµE = I[µE ] =W (E), which gives that
I[λ] =
∫
U τ
r
n dτrn − 2
∫
UµE dτrn +W (E).
Since gE(x) is harmonic in ΩE , the mean value property implies that
−
∫
UµE dτrn =
∫
(gE(x)−W (E)) dτrn(x)
=
1
n

 ∑
dE(xk,n)≤r
∫
gE dν
r
k +
∑
dE(xk,n)>r
∫
gE dν
r
k

−W (E)
≤ 1
n

 ∑
dE(xk,n)≤r
max
dE(x)≤2r
gE(x) +
∑
dE(xk,n)>r
gE(xk,n)

−W (E)
≤ max
dE(x)≤2r
gE(x) +mE(Xn)−W (E).
Taking into account the representation [16, p. 165]
Uν
r
k (x) = (max(r, |x − xk,n|))2−d, x ∈ Rd,
we proceed further with
∫
U τ
r
n dτrn =
1
n2
n∑
j,k=1
∫
Uν
r
k dνrj ≤
1
n2

∑
j 6=k
|xj,n − xk,n|2−d + nr2−d


=
n− 1
n
Iˆ[τn] +
r2−d
n
,
and combine the energy estimates to obtain
I[λ] ≤ 2mE(Xn) + n− 1
n
Iˆ[τn]−W (E) + r
2−d
n
+ 2 max
dE(x)≤2r
gE(x).
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Using (3.8), (3.9) and the above estimate, we deduce (2.1)-(2.2) by the following
argument:∣∣∣∣
∫
φdτn −
∫
φdµE
∣∣∣∣ ≤
∣∣∣∣
∫
φdτn −
∫
φdτrn
∣∣∣∣+
∣∣∣∣
∫
φdτrn −
∫
φdµE
∣∣∣∣
≤ ω(φ; r) +
√
D[φ]
√
D[Uλ]
(d− 2)ωd = ω(φ; r) +
√
D[φ]
(d− 2)ωd
√
I[λ].
Thus we proved the result for regular sets bounded by finitely many piecewise
smooth surfaces. To show that (2.1)-(2.2) hold for an arbitrary compact set E
of positive capacity, we approximate E by a decreasing sequence Em, m ∈ N, of
compact sets with piecewise smooth boundaries. Let ε1 = 1 and consider an open
cover of E by the balls {B(x, ε1)}x∈E, where B(x, ε1) is centered at x and has
radius ε1. There exists a finite subcover such that E ⊂ ∪N1k=1B(ck,1, ε1). Define
E1 := ∪N1k=1B(ck,1, ε1). We construct the sets Em inductively for m ≥ 2. Set εm :=
dist(E, ∂Em−1)/2 > 0. As before, we have a finite subcover such that
E ⊂
Nm⋃
k=1
B(ck,m, εm), m ∈ N,
where ck,m ∈ E, k = 1, . . . , Nm. Let
Em :=
Nm⋃
k=1
B(ck,m, εm), m ∈ N,
and note that Em ⊂ Em−1 and εm ≤ εm−1/2, m ≥ 2. Clearly, the boundary of
every Em consists of finitely many piecewise smooth surfaces, and each surface
is composed of finitely many spherical fragments. Thus every Em is regular by
Theorem 6.6.15 of [3, p. 185], and (2.1)-(2.2) hold for every Em, m ∈ N. Observe
that limm→∞ εm = 0, so that
E =
∞⋂
m=1
Em.
If gEm(x) is the Green function for R
d \ Em, then
gEm(x) ≤ gEm+1(x) ≤ gE(x), x ∈ Rd,
for any m ∈ N, by the Maximum Principle. This gives that
max
dEm(x)≤2r
gEm(x) ≤ max
dEm(x)≤2r
gE(x), m ∈ N.
Since gE(x) is subharmonic in R
d and harmonic in ΩE , the maximum on the right
of the above inequality is attained on the set {x ∈ Rd : dEm(x) = 2r} ⊂ ΩE . We
have that
lim
m→∞
max
dEm(x)=2r
gE(x) = max
dE(x)=2r
gE(x),
because dEm(x) ≤ dE(x) ≤ dEm(x) + εm, x ∈ Rd, by the triangle inequality. Thus
lim sup
m→∞
max
dEm (x)≤2r
gEm(x) ≤ max
dE(x)≤2r
gE(x).(3.10)
Furthermore, Harnack’s Theorem implies that
lim
m→∞
gEm(x) = gE(x), x ∈ ΩE ,
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so that
lim
m→∞
mEm(Xn) = mE(Xn).(3.11)
Using Helley’s selection theorem, we assume that µEm
∗→ µ as m → ∞ along a
subsequence N ⊂ N. Then we have that
I[µ] ≤ lim inf
m∈N
I[µEm ]
by [16, p. 78]. On the other hand, it is known [16, pp. 140–141] that
lim
m→∞
W (Em) =W (E),(3.12)
which gives that
I[µ] ≤ lim inf
m∈N
W (Em) =W (E).
Note that µ is a unit measure supported on ∂ΩE ⊂ E by our construction. Since
I[µ] ≤ W (E), we conclude that µ = µE by uniqueness of the equilibrium measure
minimizing the energy functional. This argument holds for any subsequence N ,
which means that µEm
∗→ µE as m→∞. Consequently,
lim
m→∞
∫
φdµEm =
∫
φdµE .
We now pass to the limit in (2.1) stated for Em, as m → ∞, and use the above
equation together with (3.10), (3.11) and (3.12) to prove that (2.1)-(2.2) also hold
for E.

Proof of Theorem 2.2. One readily finds from the triangle inequality that
||x− t1| − |x− t2|| ≤ |t1 − t2|, x, t1, t2 ∈ Rd,
and
|dE(t1)− dE(t2)| ≤ |t1 − t2|, t1, t2 ∈ Rd.
Given a fixed point y ∈ Ec, we have
dE(y) ≤ |y − x|+ dE(x), x ∈ Rd, y ∈ Ec.(3.13)
Let diam(E) := maxt,w∈E |t − w| be the diameter of E, and set R := diam(E) +
dE(y) + 1. We apply Theorem 2.1 with the function
φ(x) := max
(
(|y − x|+ dE(x))2−d −R2−d, 0
)
, x ∈ Rd, y ∈ Ec.(3.14)
It is clear that supp(φ) ⊂ B(y,R) := {x ∈ Rd : |x − y| < R}. Furthermore,
E ⊂ supp(φ) because
|y − x| ≤ dE(y) + diam(E) < R, x ∈ E, y ∈ Ec,
by the triangle inequality. Since dE is Lipschitz continuous, the function f(x) :=
|y − x|+ dE(x), x ∈ Rd, satisfies the Lipschitz condition
|f(t1)− f(t2)| ≤ 2|t1 − t2|, t1, t2 ∈ Rd.
Thus all first order partial derivatives of f exist a.e. with respect to the volume
measure, and we obtain that∣∣∣∣ ∂f∂xi (x)
∣∣∣∣ ≤ 2, i = 1, . . . , d, for a.e. x = (x1, . . . , xd) ∈ Rd.
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It follows that φ is Lipschitz continuous and that ∂φ/∂xi also exist a.e. in the same
sense as above, with∣∣∣∣ ∂φ∂xi (x)
∣∣∣∣ ≤ 2(d− 2)(|y − x|+ dE(x))d−1 ≤
2(d− 2)
(dE(y))d−1
, i = 1, . . . , d,
for a.e. x = (x1, . . . , xd) ∈ Rd by (3.13). This gives the estimates
|φ(t1)− φ(t2)| ≤ |t1 − t2| sup
x∈Rd
|∇φ(x)| ≤ 2(d− 2)
√
d
(dE(y))d−1
|t1 − t2|, t1, t2 ∈ Rd,
and
ω(φ; r) ≤ 2(d− 2)
√
d
(dE(y))d−1
r.(3.15)
Furthermore, we obtain for the Dirichlet integral
D[φ] =
∫
Rd
|∇φ|2 dV ≤
∫
B(y,R)
4d(d− 2)2 dV (x)
(|y − x|+ dE(x))2(d−1)
≤
∫
B(y,dE(y))
4d(d− 2)2 dV (x)
(|y − x|+ dE(x))2(d−1) +
∫
dE(y)≤|y−x|≤R
4d(d− 2)2 dV (x)
(|y − x|+ dE(x))2(d−1)
≤ O (dE(y)2−d)+O
(∫ R
dE(y)
rd−1 dr
r2(d−1)
)
= O
(
dE(y)
2−d
)
by supp(φ) ⊂ B(y,R) and (3.13). We now let r = n−p/s, and obtain that ω(φ; r) =
O((dE(y))
1−dn−p/s) by (3.15). Since the Green function gE satisfies the Ho¨lder
condition (2.3), we have that
max
dE(x)≤2r
gE(x) ≤ O(n−p).
Applying the above estimates and (2.4) in (2.1)-(2.2), we arrive at
∣∣∣∣∣
∫
φdµE − 1
n
n∑
k=1
φ(xk,n)
∣∣∣∣∣ ≤ O
(
dE(y)
1−dn−p/s
)
+O
(
dE(y)
2−d
)1/2 (
O
(
n−p
))1/2
(3.16)
≤ O
(
dE(y)
1−dn−p/s + dE(y)
1−d/2n−p/2
)
as n→∞,
where we also used that mE(Xn) = 0. Note that all constants in O terms are
independent of the point y ∈ Ec, of the set Xn, as well as of n ≥ 2. It remains to
observe that φ(x) = |y − x|2−d −R2−d for x ∈ E, so that∫
φdµE − 1
n
n∑
k=1
φ(xk,n) = U
µE (y)− U τ(Xn)(y), y ∈ Ec.
Thus (2.5) follows from (3.16).
Let q > 0. If y ∈ Γ := {x ∈ ΩE : gE(x) = n−q} then dE(y) ≥ (n−q/A(E))1/s by
(2.3), and we obtain from (2.5) that
UµE (y)− U τ(Xn)(y) ≤ O
(
nq(d−1)/s−p/s
)
+O
(
nq(d−2)/(2s)−p/2
)
, y ∈ Γ.(3.17)
Recall that UµE (y) =W (E)− gE(y) =W (E)− n−q for y ∈ Γ. Hence
U τ(Xn)(y) ≥W (E)− n−q −O
(
nq(d−1)/s−p/s
)
−O
(
nq(d−2)/(2s)−p/2
)
, y ∈ Γ.
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We can now choose q = q(d, s) > 0 so small that
U τ(Xn)(y) ≥W (E)−O (n−q) , y ∈ Γ.
Observe that the open set G := {x ∈ Rd : gE(x) < n−q} contains E strictly inside.
Since U τ(Xn) is superharmonic in Rd, it attains minimum over G on its boundary
Γ. It follows that
U τ(Xn)(x) ≥ inf
y∈Γ
U τ(Xn)(y) ≥W (E)−O (n−q) , x ∈ E.
Since UµE (x) =W (E), x ∈ E, we obtain that
UµE (x) − U τ(Xn)(x) = O (n−q) , x ∈ E.
The Principle of Domination [16, p. 110] implies that the above equation holds for
all x ∈ Rd, because supp(µE) ⊂ E. 
Proof of Corollary 2.3. We first observe that the Fekete points Fn satisfy
Iˆ[τ(Fn)] ≤W (E), n ≥ 2,(3.18)
This fact holds because the discrete energies of Fekete sets increase to W (E) with
n, see [16, p. 160]. Hence (2.4) holds true and Theorem 2.2 applies to Fn.
It turns out that (3.18) is also true for the Leja points Ln = {ξk}n−1k=0 , n ∈ N.
Consider the corresponding potentials U τ(Ln), and recall that
min
x∈E
U τ(Ln)(x) = U τ(Ln)(ξn) =
1
n
n−1∑
k=0
|ξn − ξk|2−d
by definition. Hence we have for the discrete energy
Iˆ[τ(Ln)] = 2
n(n− 1)
∑
0≤j<k≤n−1
|ξj − ξk|2−d = 2
n(n− 1)
n−1∑
k=1
k U τ(Lk)(ξk)
=
2
n(n− 1)
n−1∑
k=1
k min
x∈E
U τ(Lk)(x).
Since the inequality
min
x∈E
Uν(x) ≤W (E)
holds for the potential of any positive unit measure ν, see Theorem 2.3 of [16, p.
138], we obtain that
Iˆ[τ(Ln)] ≤W (E).

References
[1] H. Aikawa and M. Esse´n, Potential Theory - Selected Topics, Lecture Notes in Math. 1633,
Springer-Verlag, Berlin, 1996.
[2] V. V. Andrievskii and H.-P. Blatt, Discrepancy of Signed Measures and Polynomial Approx-
imation, Springer-Verlag, New York, 2002.
[3] D. H. Armitage and S. J. Gardiner, Classical Potential Theory, Springer-Verlag, New York,
2001.
[4] L. Carleson, Selected Problems on Exceptional Sets, Van Nostrand Co., Princeton, 1967.
[5] L. Carleson and V. Totik, Ho¨lder continuity of Green’s functions, Acta Sci. Math. 70 (2004),
557–608.
[6] M. Fekete, U¨ber die Verteilung der Wurzeln bei gewissen algebraischen Gleichungen mit
ganzzahligen Koeffizienten, Math. Zeit. 17 (1923), 228–249.
DISTRIBUTION OF POINT CHARGES WITH SMALL DISCRETE ENERGY 13
[7] M. Go¨tz, A discrepancy theorem in Rd, d ≥ 3, Analysis 20 (2000), 303–323.
[8] M. Go¨tz, On the distribution of weighted extremal points on a surface in Rd, d ≥ 3, Potential
Anal. 13 (2000), 345–359.
[9] M. Go¨tz, On the distribution of Leja-Go´rski points, J. Comput. Anal. Appl. 3 (2001), 223–
241.
[10] D. P. Hardin and E. B. Saff, Discretizing manifolds via minimum energy points, Notices
Amer. Math. Soc. 51 (2004), 1186–1194.
[11] J. Huesing, Estimates for the discrepancy of a signed measure using its energy norm, J.
Approx. Theory 109 (2001), 1–29.
[12] O. D. Kellogg, Foundations of Potential Theory, Dover, New York, 1954.
[13] W. Kleiner, Une condition de Dini-Lipschitz dans la the´orie du potentiel, Ann. Polon. Math.
14 (1964), 117–130.
[14] J. Korevaar, Fekete extreme points and related problems, in “Approximation theory and
function series” (Budapest, 1995), 35–62, Bolyai Soc. Math. Stud., 5, Ja´nos Bolyai Math.
Soc., Budapest, 1996.
[15] J. Korevaar and M. A. Monterie, Fekete potentials and polynomials for continua, J. Approx.
Theory 109 (2001), 110–125.
[16] N. S. Landkof, Foundations of Modern Potential Theory, Springer-Verlag, New York-
Heidelberg, 1972.
[17] V. G. Maz’ja, Regularity at the boundary of solutions of elliptic equations, and conformal
mappings, Dokl. Akad. Nauk SSSR, 152 (1963), 1297–1300. (in Russian)
[18] V. G. Maz’ja, On the modulus of continuity of a harmonic function at a boundary point, Zap.
Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI), 135 (1984), 87–95. (in Russian)
[19] I. E. Pritsker, Equidistribution of points via energy, submitted to Ark. Mat.; Available elec-
tronically at http://www.math.okstate.edu/˜igor
[20] E. B. Saff and A. B. J. Kuijlaars, Distributing many points on a sphere, Math. Intelligencer
19 (1997), 5–11.
[21] P. Sjo¨gren, Estimates of mass distributions from their potentials and energies, Ark. Mat. 10
(1972), 59–77.
[22] P. Sjo¨gren, On the regularity of the distribution of the Fekete points of a compact surface in
R
n, Ark. Mat. 11 (1973), 147–151.
[23] G. Szego˝, Bemerkungen zu einer Arbeit von Herrn M. Fekete: U¨ber die Verteilung der
Wurzeln bei gewissen algebraischen Gleichungen mit ganzzahligen Koeffizienten, Math. Zeit.
21 (1924), 203-208.
[24] F. Too´kos, A Wiener-type condition for Ho¨lder continuity for Green’s functions, Acta Math.
Hungar. 111 (2006), 131–155.
[25] V. Totik, Metric Properties of Harmonic Measures, Mem. Amer. Math. Soc. 184 (2006), no.
867.
Department of Mathematics, Oklahoma State University, Stillwater, OK 74078,
U.S.A.
E-mail address: igor@math.okstate.edu
